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Overrelaxation Applied to Lower-Upper Symmetric
Gauss—Seidel Method for Hypersonic Flows

Satoru Yamamoto* and Daigo Sato'
Tohoku University, Sendai 980-8579, Japan

An implicit time-marching method for acceleration of the convergence of solution for the compressible Navier—
Stokes equations is presented. This is based on the lower—upper symmetric-Gauss—Seidel (LU-SGS) method pro-
posed by Yoon and Jameson (Yoon, S., and Jameson, A., “Lower-Upper Symmetric-Gauss—Seidel Method for the
Euler and Navier-Stokes Equations,” AIAA Journal, Vol. 26, 1988, pp. 1025-1026). A very simple overrelaxation
is additionally executed in the LU-SGS method coupled with diagonal flux splitting. Then, an overrelaxation pa-
rameter w, a parameter similar to that in the well-known successive-overrelaxation method is introduced. The
calculated results for a hypersonic viscous flows around a cylinder and through a compression corner indicate
that the convergence is accelerated by a proper value of w(1 < w < 2). This method is also applied to a hypersonic
thermochemical nonequilibrium flow around a sphere.

Introduction

HE lower—upper symmetric Gauss—Seidel (LU-SGS) method

has been proposed by Yoon and Jameson.! This method is effi-
cient and robust for solving high-speed flow problems. Because no
matrix inversion is necessary in this algorithm and a large Courant—
Friedrichs—Lewy (CFL) number can be taken for the time-marching
calculation, the CPU time can be relatively shorter compared with
conventional implicit methods. In this paper, an overrelaxation pa-
rameter o, originally implemented in the successive overrelaxation
(SOR) method by Frankel,” is introduced in the LU-SGS algorithm
to further save CPU time. A flux-splitting form derived as a diag-
onal form is also derived for calculation of nondiagonal implicit
terms in the LU-SGS method. The present method may be easily
applicable to more complicated flow equations, such as chemical re-
acting flows, condensate flows, and magnet—plasma—dynamic flows
by changing only the set of subvectors in the flux-splitting form, as
reported by Yamamoto.? Three typical two-dimensional hypersonic
viscous flow problems, such as a flow around a cylinder, a flow
through a compression corner, and a thermochemical nonequilib-
rium flow around a sphere are calculated by the use of the present
method. Finally, the convergence of a solution derived by the use
of the overrelaxation parameter w (1 < w < 2) is compared with that
obtained by w = 1.

Fundamental Equations

The compressible Navier—Stokes equations can be written in the
following vector form in curvilinear coordinates:
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Q is the vector of unknown variables; F; and S are the flux vec-
tor and the diffusion term; and ¢, x;, &, p, u;, and e are the time,
the components of the Cartesian coordinate, the components of the
general curvilinear coordinate, the density, the Cartesian compo-
nents of the physical velocity, and the total internal energy per unit
volume, respectively. U;, p, T, k, 7;;, and J are the components of
the contravariant velocity, the static pressure, the static temperature,
the heat conductivity, the components of the viscous stress, and the
Jacobian for transformation, respectively.

Numerical Method

LU-SGS Algorithm

Yoon and Jameson' have proposed a new LU-SGS method, in
which no inverse of matrices must be calculated. The algorithm is
explained by the use of the following two-dimensional implicit A
form:

[1 +0A1(3/06A+ 3/dnB)]AQ" = RHS

RHS = —At(Fe + G, + )" 2)
with RHS indicating right-hand side. Here, § =&, and n=§;0 =1
or %; F=AQ=F and G=BQ=F,. A and B are the Jacobian
matrices in & and 7 directions. The upwinding according to the sign

of characteristic speeds is applied into the left-hand side of Eq. (2).
Then,

[1+0At(VeAT + A A™ +V, BT+ A,B”)]AQ"=RHS (3)
where, the following relations are defined:
— At

ViATAQ" = ALAQ;{_, ,,LjAQ?_]‘_,

AATAQN = Ap AQYL, ; — A AQ,
V,BTAQ" =B, AQ}; — B, _|AQ};
A']B_AQ”:BiTj-%—lAQl"l.jJrl_B;/AQ;I./' )

The subscripts i and j indicate a grid point in the & and 5 direc-
tions. These equations are substituted into Eq. (3). Then, Eq. (3) is
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rewritten as
[1+0At(A], — A7, + B, — B,)|AQ" +0AtG(AQ") =RHS
(%)
G(AQ") = —(ATAQ");_1; + (A"AQ")i41,;
—(BTAQ")ij—1+ (B~AQ"); 41 (6)

In the LU-SGS method, Afj and ij in Eq. (5) are approximately
defined by
A;Trj = [Ai,j + V(Ai,j)l]/l B,ij = [Bi,j :l:r(Bi,j)I]/z @)

where A, ; and B, ; are the Jabcobian matrices at the grid point
(i, j). The function r(A) is given by

r(A) = amax[A(A)] (8)
where o > 1. Here, A(A) indicates the spectral radius of the Jab-

cobian matrix A. Actually, this is given by the eigenvalues of A.
Because the relations

At — AT

ij i

=r(Ai ), B

ij B,TJ = r(Bi,j) (9)
are found, Eq. (5) is further rewritten by

{1 +0AM[r(A) +r (B, )IJAQ" +6AIG(AQ")=RHS (10)
Note that the first term of the left-hand side in Eq. (10) is reduced
to four sets of individual diagonal matrices. If the diagonal operator
is defined by

D =1+0At[r(A;;)+r(B; ;)] (11)

Eq. (10) is rewritten as

DAQ" +0AtG(AQ") =RHS (12)

This equation calculated with the Gauss—Seidel relaxation method
is divided into two sweeps in each time step, as follows:

DAQ* =RHS +0A:G*(AQ*) (13)

AQ" = AQ* — D'0AIG(AQ") (14)
GT(AQ) =(ATAQY); 1, +(BTAQY); ;- (15)
G (AQY) =(ATAQY i1+ (BTAQ": j+1 (16)

Overrelaxation Algorithm

The RHS of Eq. (2) calculates the fundamental equations of
Eq. (1) explicitly. This calculation has a physical meaning. On the
other hand, the calculation in the left-hand side of Eq. (2) is executed
implicitly. This calculation does not have a physical meaning. There-
fore, the residue in the left-hand side must be zero when the residue
of the RHS reaches zero. In contrast, the algorithm in the left-hand
side could be arbitrarily constructed if the residue of the RHS only
needed to decrease.

In this paper, we introduce an overrelaxation technique into the
LU-SGS method to accelerate the convergence of solution in the
RHS. It is known that overrelaxation was proposed by Frankel® to
accelerate the convergence of the Gauss—Seidel method. Then, an
overrelaxation parameter w (1 < w < 2) is introduced. The optimum
value of w can be obtained theoretically in a simple problem, such as
a boundary value problem in rectangular coordinates. However, this
values should be determined by trial and error in more complicated
problems.

A very simple overrelaxation is further applied to Eq. (12) by

DAQ" + DAQ" + w[0AtG(AQ") — DAQ"]=RHS (17)

where w is an overrelaxation parameter. This equation is calculated
by the use of the same procedure with Egs. (13) and (14) in each
time step as

(2 — w)DAQ* =RHS + wfAtGT (A Q") (18)
AQ" = AQ* —[(2— w)D] ' wh AtG~(AQ") (19)

where w should be atleast 1 < w < 2. The present method, as written
in Egs. (18) and (19) is called the LU-SGS-w method hereafter.
Another description can be introduced by

[D+ (1 —w)I[]AQ* =RHS + 0w AtGH(AQY) (20)
AQ"=AQ*—[D+ (1 —w) I 'w0AtG~(AQ") (21

The LU-SGS-w method can be easily extended to a maximum
second-order time-accurate method by the introduction of the
Newton iteration and the Crank—Nicolson method (see Ref. 4) as

(2 —w)DAQ* =RHS" + wd AtGT(AQ*™) (22)
AQ" = AQ™ —[2—w)DI'whAIGT(AQ™)  (23)
where

a0" = 01—

where m is the Newton iteration number. If A Q™ — 0 as m — oo,
then a maximum second-order time-accurate solution can be ob-
tained.

Calculation of G*

Now, AT, A=, BT, and B~ in Egs. (15) and (16) are transformed
into A}, AT, AS, and A; . In the original LU-SGS method by Yoon
and Jameson, A,(i is approximately calculated by the following equa-
tion:

Al = [Ac £ r(AD1]/2 (24)

On the other hand, in this paper, AkiA Q is derived as a set of sub-
vectors of the diagonal flux-splitting form written by

AFAQ =25 A0 + (M, [ov/Em) Qua + (4, /%) Qus
Mz = Uy + /8w
ha = (M5 = 2ia) /2

Ay = (M +A) /2 -4

A = Uy, Ma = Ur — c/8rk

A = Ouwe £ e /2,

Ota = PQre + Am; Qy, Ow = A Qie/8ii + pQu
p=0,-AQ, Any = Q- AQ (25)

where gy = V& - V&. Equation (25) is accurate for upwinding
according to the sign of characteristic speeds. Because Eq. (25)
is written in a general form, Eqgs. (18) and (19) can be easily ap-
plied to a system of more complicated flow equations only if the
subvectors, Qjc, Q,, Qim, and Qg are introduced. The subvectors
for equations of thermochemical nonequilibrium flows, condensate
flows, and the magnet—plasma—dynamics flows, have been already
derived by Yamamoto.* In this paper, the following subvectors, Q;.,
Qs Qim, and Qy, are used for the compressible Navier—Stokes
equations:

Ore =10 0&/0x, 0&/0x, Ul" (26)
0, =[—yuwe/2 —yu —yu 7y’ 27
OQum = [-Uy  3&/3x; 3&/3x, 01" (28)

Qu=I[1 w uy (e+p)/pl" 29
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where y =y — 1 and y is the specific heat. Except for AQ, values
are evaluated at the midpoint between the grid point (i, j) and the
next point, such as (i + 1, j), (i — 1, j), (i, j+ 1), (i, j — 1).

Results

A hypersonic viscous flow around a cylinder is first calculated
with the LU-SGS-w method to present the convergence of solu-
tion for the compressible Navier—Stokes equations. The flow condi-
tions are specified as uniform Mach number 4.0 and Reynolds num-
ber 1.0 x 10°. The flow is supposed to be laminar, without chem-
ical reaction. The first-order accurate AUSM® algorithm is used
for the space difference. The computational grid used in this case
has 81 x 71 grid points. The local time step is used together with
this method. Then, the CFL number at all grid points is fixed to 1
and 100. Figure 1 shows the convergence histories of solution (L2-
norm). The cases of @ =1.0 and 1.35 at CFL=1.0 and w=1.0
and 1.2 at CFL =100 in Eqgs. (18) and (19) are calculated, and the
convergence of solution is compared in Fig. 1. The convergence
of solution is clearly accelerated by the increase in the parameter
. The convergence in the case of w =1.35 at CFL=1 is about
1.5 times faster than that of @ =1.0. The maximum value in this
case, was @ = 1.35. Also, the convergence in the case of w=1.2
at CFL =100 is about 1.2 times faster than that of w = 1.0. In this
case, w = 1.2 was the maximum value. As a result, the convergence
of solution in the case of w=1.2 at CFL =100 is highly accel-
erated in this flow problem. Note that the present method could
enlarge the CFL number to much more than 100, but that the con-
vergence rate and the maximum limit of the value @ was exactly
the same with the case of w=1.2 at CFL = 100. Figure 2 shows
the calculated Mach number contours in the case of w=1.2 at
CFL = 100. A monotone bow shock is captured ahead of the cylin-
der. The calculated results were identical to each other in these
cases.

As a second example, a hypersonic viscous flow through the
15-deg compression corner is calculated. This flow problem is well
known as a benchmark test to check hypersonic flow codes. The
uniform mach number is 14.1, the uniform temperature is 72.7 K
and the Reynolds number is 1.04 x 10°. The flow is supposed to be
laminar, without chemical reaction. The AUSM? with the second-
order MUSCL extrapolation is used for the space difference to check
the performance of the LU-SGS-w method for high-order calcula-
tions in space. An H-type computational grid is generated, and it
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Fig. 1 Convergence histories of solution for the hypersonic viscous
flow around a cylinder.

Fig. 2 Mach number contours.
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Fig. 3 Convergence histories of solution for the hypersonic viscous
flow through a compression corner.

Fig. 4 Mach number contours.

has 201 x 101 grid points. The CFL number at all grid points is
fixed to 1 and 100. The cases of w = 1.0 and 1.20 at CFL = 1.0, and
w=1.0and 1.15 at CFL = 100 in Egs. (18) and (19) are calculated.
Figure 3 shows the convergence histories of solution (L2-norm).
Although the value of w must be set at a lower value than that of the
preceding cylinder problem, the acceleration of convergence of so-
lution can certainly be achieved. Figure 4 shows the calculated Mach
number contours obtained by the case of w=1.15 at CFL = 100.
An oblique shock is generated from the front edge of the compres-
sion corner, and it interacts with another oblique shock generated
by the flow compression on the ramp region of the compression
corner. A boundary layer without separation grows from the front
edge of the compression corner. The calculated pressure coefficient
distributions on the compression corner can be compared with the
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Fig. 5 Pressure distributions on the compression corner compared
with the experiments.
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Fig. 6 Comparison of convergence histories of solution between the
present method and the original method.

experiments® in Fig. 5. The calculated results are in good agreement
with the experiments.

Note that the diagonal flux-splitting form in Eq. (25) is used for
the calculation of Egs. (15) and (16) instead of the original equation
in Eq. (24). The flux-splitting form has been derived in our previ-
ous study* and also has been extended to more complicated flow
problems.? The primary reason why we use the flux-splitting form
for the LU-SGS algorithm is its extensity to a complicated system of
equations. We have only to derive subvectors such as Egs. (26-29) in
each system. The algorithm, except for the subvectors in the present
form, are fundamentally all the same in each system. Therefore, we
need no information about elements of the Jacobian matrices for
each system. In addition to this, the present overrelaxation does not
work well in the code with the original method using Eq. (24). The
correct reason has been yet to be resolved. Consequently, Eq. (25)
was only used in this paper for the overrelaxation cases. Here, in
Fig. 6, the convergence of solution obtained by the use of the original
LU-SGS method can be compared with that by the present method
in the case of w=1.0 at CFL =100. The convergence rates were
almost identical. This indicates that the present flux-splitting form
works at least as well as the original method when overrelaxation is
not used. The difference of computational costs between the present
form and the original form was within a few percent when the su-
percomputer SX-7/4CPU with parallel and vector optimizations was
used for the calculations.
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Fig. 7 Convergence histories of solution for the hypersonic thermo-
chemical nonequilibrium flow around a sphere.

Finally, the present method is applied to a hypersonic thermo-
chemical nonequilibrium flow around a sphere. The employed test
case is well known as Lobb’s test problem.” The continuity equa-
tions for chemical species N;, O,, NO, N, and O and a vibrational
energy equation are also solved with the momentum equations and
the total energy equation. The two-temperature chemical reaction
model by Park® is used for thermochemical nonequilibrium effects.
The details are reported in Ref. 9. The uniform Mach number is
15.3, the uniform velocity is 5280 m/s, the uniform pressure is
664 Pa, the uniform translational-rotational temperature is 293 K,
and the Reynolds number is 1.46 x 10*. The flow is supposed to
be laminar. The first-order and second-order MUSCL extrapola-
tions are applied to AUSM_DV ' to determine the space difference.
The computational grid used in this case has 65 x 65 grid points.
The local time step is used together with these schemes. Then, the
CFL number at all grid points is fixed to 1 and 100. The cases of
w=1.0and 1.30 at CFL=1.0, and w =1.0 and 1.2 at CFL =100
in Egs. (18) and (19) are calculated with the first-order scheme in
space. The cases of w =1.0 and 1.30 at CFL = 1.0 in Egs. (18) and
(19) are calculated with the second-order scheme in space. The con-
vergences of solution are compared in Fig. 7. The convergence of
solution for the present thermochemical nonequilibrium flow is rel-
atively slower than that of the preceding nonreacting flow. Although
the convergence may not always be accelerated as much as the pre-
ceding nonreaction cases, the improvement of convergence can be
found in Fig. 7 if the overrelaxation parameter w increases. The CFL
number can also be enlarged much more in this case. However, the
convergence rate is completely the same with the rate at CFL = 100.
In addition to this, the final L2-norm for the case of CFL =100
was ultimately larger than that of CFL =1 in this case. Figures 8a
and 8b show the calculated Mach number contours determined with
the first- and second-order-accurate schemes in space, respectively.
The shock standoff distance in the second-order-accurate solution is
slightly shorter than that of the first-order-accurate solution. Figure 9
shows the calculated translational-rotational temperatures and vi-
brational temperatures at the stagnation line. The second-order-
accurate solution is compared with the first-order-accurate solution
in Fig. 9. The maximum value of the translational-rotational tem-
perature in the second-order-accurate solution is 1.1 times larger
than that in first-order-accurate solution. Figure 10 shows the cal-
culated mole fractions of N,, O,, NO, N, and O at the stagnation
line. Finite rate dissociations for N, and O, can be found in Fig. 10
behind the bow shock. O, is almost dissociated close to the body
surface.
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Fig. 8a Mach number contours (first-order accuracy in space).

Fig. 8b Mach number contours (second-order accuracy in space).
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Fig. 9 Translational-rotational and vibrational temperature distribu-
tions along the stagnation line.
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Fig. 10 Mole fraction distributions along the stagnation line.

Conclusions

A very simple overrelaxation method applied to the LU-SGS
method was proposed. Because the algorithm is quite simple, all
of the existing computational codes based on the LU-SGS method
can be easily modified by this algorithm. Three typical hypersonic
flow problems were calculated without special optimization to the
overrelaxation parameter w. The calculated results indicate that the
convergence of solution can be accelerated by the use of a proper
value of the overrelaxation parameter w. This method will also
be extended to other, already developed complicated flow codes,
such as multiphase flows and magnetoplasma flows, in the near
future.
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